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Abstract
This paper formulates an analytically tractable problem for the wake gen-
erated by a long at bottom ship by considering the steady free surface ow of
an inviscid, incompressible uid emerging from beneath a semi-innite rigid
plate. The ow is considered to be irrotational and two-dimensional so that
classical potential ow methods can be exploited. In addition, it is assumed
that the draft of the plate is small compared to the depth of the channel.
The linearised problem is solved exactly using a Fourier transform and the
Wiener-Hopf technique, and it is shown that there is a family of subcritical
solutions characterised by a train of sinusoidal waves on the downstream free
surface. The amplitude of these waves decreases as the Froude number in-
creases. Supercritical solutions are also obtained, but, in general, these have
innite vertical velocities at the trailing edge of the plate. Consideration of
further terms in the expansions suggests a way of canceling the singularity for
certain values of the Froude number.
Current address: Division of Theoretical Mechanics, School of Mathematical Sciences, Univer-
sity of Nottingham, Nottingham NG7 2RD
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1 Introduction
The problem of how waves are created behind bodies xed in a uniform stream is
of practical importance since it applies to the ow of uid at the stern of a ship.
In general, these near stern ows are three-dimensional, and hence very dicult to
treat mathematically. However, when the ship stern is wide, the resulting problem
can be considered two-dimensional in the neighbourhood of the ship centre-plane,
and powerful complex variable methods can be used to solve the problem.
There are two classes of two-dimensional stern ows which have been considered
in the literature. The rst involves the formation of a stagnation point where the
free surface detaches from the body. Nonlinear solutions of this type have been
computed by Vanden-Broeck and Tuck [1], Vanden-Broeck, Schwartz and Tuck [2]
and others in a uid of innite depth and by Vanden-Broeck [3] and McCue and
Forbes [4] for a nite depth uid. This type of stern ow will not be considered in
the present paper.
The second class of stern ow involves the tangential separation of the free surface
from the body. For this type of ow, much attention has been given to the innite
depth case. Schmidt [5] derived a linearised problem under the assumptions that
the draft d of the stern is small compared to the characteristic length c2=g (c is the
undisturbed ow speed and g is gravitational acceleration), and also that the uid
depth H is large compared to c2=g. Exact solutions were found with the use of
the Wiener-Hopf technique, and it was shown that the resulting free surface prole
consists of periodic waves which approach sine waves in the far eld. It is worth
noting that for a at horizontal stern, the linear problem derived by Schmidt is
governed by a singular integral equation which was solved by Varley and Walker [6].
(In the paper by Varley and Walker, the integral equation is used to model a com-
pliant layer problem.) Nonlinear solutions to the innite depth problem have been
computed numerically by Vanden-Broeck [7] for a at stern. For small values of the
draft parameter, the ndings of Vanden-Broeck conrm those of Schmidt [5].
Smoothly detaching stern ows in a uid of nite depth have been calculated for su-
percritical Froude numbers by Hocking [8]. Here the solutions are waveless, and the
back face of the body is inclined at an arbitrary angle to the undisturbed free sur-
face. The ow past a horizontal plate has also been considered in a nite depth uid
for supercritical Froude numbers. Vanden-Broeck and Keller [9] showed that there is
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a unique relationship between the draft of the plate and the Froude number F for a
smoothly attaching supercritical ow, while Asavanant and Vanden-Broeck [10] have
calculated these waveless solutions to the full nonlinear equations with a numerical
method. No smoothly detaching subcritical stern ows have been documented in a
nite depth uid.
In this paper, we consider the steady free surface ow past a semi-innite horizontal
plate depressed into a nite depth uid. We extend the work of Schmidt to consider
the nite depth case in which H is not necessarily large compared to c2=g but the
draft-to-depth ratio d=H remains small. In Sec. 2, a linear problem is derived from
a perturbation expansion of the exact nonlinear equations under these assumptions.
The leading order linear problem is then solved exactly in Sec. 3 using the Wiener-
Hopf technique.
It will be shown that there is a one-parameter family of subcritical solutions, which
are characterised by a train of sinusoidal waves on the free-surface. As the Froude
number approaches zero, the solutions approach those found in the innite depth
problem considered by Schmidt [5] and Varley and Walker [6]. These subcritical
solutions can be used to model the ow near the stern of a ship.
Supercritical solutions are also obtained; however these solutions violate the assump-
tions used in the perturbation expansions. Consideration of further terms in the ex-
pansion suggests a way of reconciling these solutions with the well-known result of a
unique relationship between the draft and Froude number found by Vanden-Broeck
and Keller [9]. The study is closed in Sec. 4 with some concluding remarks.
2 Mathematical Formulation
Consider the two-dimensional ow of a uniform horizontal stream of depth H and
speed c. A Cartesian coordinate system is chosen so that the x   axis coincides
with the horizontal bottom. For x < 0, the uid is bounded above by a horizontal
semi-innite plate, and for x > 0, the upper boundary consists of a free surface (see
Fig. 1(a)). The uid is assumed to be both inviscid and incompressible, and the ow
is assumed to be irrotational. Gravity is included, but surface tension is ignored.
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Now suppose the plate is depressed into the uid a distance d below the level of the
undisturbed free surface (see Fig. 1(b)) during a time interval  . After a period of
time much longer than  , a steady-state solution is re-established in the vicinity of
the plate, while the transient solution developed during the motion of the plate has
moved to very large x. The objective is to determine the location of the steady-state
free surface which detaches tangentially from the edge of the plate and forms a train
of steady waves downstream. For modelling purposes, it is assumed that the steady-
state solution extends to x = 1. Since the channel depth has been narrowed, the
uniform velocity far upstream as x!  1 is given by cH=(H   d).
The ow is assumed to be irrotational, so the x and y components of the velocity
are given by
u =
@
@x
; v =
@
@y
;
where  is the velocity potential. The incompressibility of the uid leads to Laplace's
equation
r2 = @
2
@x2
+
@2
@y2
= 0 ; (1)
for  in the ow region.
On the plate, the free surface and the horizontal bottom, the normal component of
the velocity must vanish, which leads to the conditions
v = 0 on y = 0 ;  1 < x <1 ; (2)
v = 0 on y = H   d ; x < 0 ; (3)
v = u
d
dx
on y = (x) ; x > 0 ; (4)
where the unknown location of the free surface is denoted by y = (x). Bernoulli's
equation applied along the free surface y = (x) yields the additional condition
1
2
(u2 + v2) + g  =
1
2
c2 + gH ; (5)
where the velocity components are also evaluated on the free surface. Here g is the
acceleration due to gravity.
The problem for the velocity potential (x; y) is specied by (1) subject to the
boundary conditions (2) - (5). This problem is nonlinear since the location of the
boundary is unknown, and the boundary conditions (4) and (5) on this unknown
surface are nonlinear.
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Figure 1: A schematic sketch of the free surface ow past a semi-innite plate in a
nite depth uid. In (a), the plate is located at the level of the undisturbed free
surface, and the solution is trivial. In (b), the plate is pushed into the uid. After
a period of time, a steady-state solution is reached, which for F < 1, results in a
train of waves downstream.
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The various quantities in the formulation are made dimensionless by scaling with
respect to the height H and speed c. The two parameters which describe the ow are
the depth-based Froude number F = c=
p
gH and the non-dimensional distance d=H
between the height of the plate and the undisturbed free surface level. Dimensionless
variables are used throughout the remainder of this paper, unless stated otherwise.
As the draft of the plate becomes small compared to the channel depth, it is assumed
that the uniform ow is only slightly perturbed. This motivates the introduction of
the perturbation expansions
(x; y) =
x
1   +  1(x; y) +O(
2) ;
and
(x) = 1 +  1(x) +O(
2) ;
where  = d=H and  << 1. These expansions are substituted into (1) and the
boundary conditions (2)-(5). The resulting linear problem is given by
r21 = 0 for  1 < x <1; 0 < y < 1 ; (6)
subject to the boundary conditions
@1
@y
= 0 on y = 1; x < 0 ; (7)
@1
@y
  F 2@
21
@y2
= 0 on y = 1; x > 0 ; (8)
@1
@y
= 0 on y = 0  1 < x <1 ; (9)
and the attachment condition
@1
@x
(0; 1) =
1  F 2
F 2
: (10)
The location of the free surface is given by
1(x) =  F 2
"
1 +
@1
@x
(x; 1)
#
; (11)
for x > 0. The condition (10) corresponds to an attachment height 1 =  1 at
x = 0, since the free surface has elevation  = 1   there.
This linearised system bears a close resemblance to the so-called \dock" problem, as
discussed in Stoker [11], which has been studied by many investigators. Heins [12]
and Freidrichs and Lewy [13] have studied the linearized wave problem where free
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surface waves in a stationary uid impinge upon a xed semi-innite dock. They
have also considered the development of Green's functions for point sources and
sinks in a uid with these boundary conditions. The solutions to these problems
admit singularities at the edge of the dock. The problem considered here is dierent
from the dock problem since the free surface waves result from the displacement of
the plate into the uid, and the surface is assumed to detach smoothly to the edge
of the plate with nite velocities everywhere.
3 The Wiener-Hopf Technique
The application of the Fourier transform dened by
f^(k) =
Z 1
 1
f(x) eikx dx ; f(x) =
1
2
Z 1
 1
f^(k) e ikx dk
to Laplace's equation (6) and the subsequent use of (9) yields the transformed
solution
^1(k; y) = A(k) cosh ky : (12)
Following the Wiener-Hopf procedure (Noble [14]), the boundary conditions (7)
and (8) are expressed as
@1
@y
(x; 1) =
8><>: 0 x < 0m(x) x > 0 (13)
and
@1
@y
(x; 1)  F 2@
21
@y2
(x; 1) =
8><>: n(x) x < 00 x > 0 ; (14)
where the unknown functions m(x) and n(x) are dened to be zero in the regions
x < 0 and x > 0 respectively. The transformation of (13) and (14), the use of (12),
and the elimination of A(k) provides the Wiener-Hopf equation
n^ (k) = m^+(k)f1(k)f2(k) ; (15)
where the functions f1 and f2 are given by
f1(k) =
sinh k
k
  F 2 cosh k; f2(k) = k
sinh k
; (16)
and where it is noted that m^+(k) and n^ (k) are, respectively, analytic functions in
the upper and lower complex k-plane.
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The splitting of (15) depends upon the roots of f1(k). When the Froude number
F > 1, the ow is considered supercritical. Here the function f1(k) has no real roots,
but innitely many imaginary roots. These roots are denoted by k = in, for
n = 1; 2; : : :, and n > 0. As n!1, the values of n = n 1=2 1=2F 2n+O(n 2).
In the subcritical case (Froude number F < 1), there are two real roots of f1 and
innitely many imaginary roots. The real roots are denoted by k = R, for R > 0.
As F ! 1, R ! 0, while as F ! 0, R  F 2. The imaginary roots are given by
k = in for n = 1; 2; : : :, and n > 0, where n = n + 1=2   1=2F 2n + O(n 2)
as n!1.
Following Buchwald [15] and Buchwald and Viera [16], equation (15) is factored
using the Weierstrass innite product theorem and, as shown in Appendix A, the
function f1 is written as
f1(k) =
8>>>>>><>>>>>>:
(1  F 2)
 
1  k
2
2R
!
H(k)H( k); F < 1
(1  F 2)H(k)H( k); F > 1;
(17)
where H(k) = C T (k)H0(k), and C, H0(k), and T (k) are given by
C =
8>>>>>><>>>>>>:
2RF

p
1  F 2 ; F < 1
Fp
F 2   1 ; F > 1;
; H0(k) =
8>>>>>>><>>>>>>>:
p

2 (3
2
  ik

)
; F < 1
p

 (1
2
  ik

)
; F > 1;
(18)
and
T (k) =
8>>>>>>>><>>>>>>>>:
1Y
n=1
"
1 +
n   (n+ 12)
n+ 1
2
  ik

#
; F < 1
1Y
n=1
"
1 +
n   (n  12)
n  1
2
  ik

#
; F > 1:
(19)
The function H(k) is analytic and non-zero in the upper half k   plane (with zeros
at k =  in or k =  in), while H( k) is analytic and non-zero in the lower
half k   plane (with zeros at k = in or k = in). The innite product T (k)
is uniformly convergent since each term has the form 1 + O(n 2). T (k) has simple
zeros at k =  in or k =  in, simple poles at k =  i(n + 1=2) (n = 1; 2; : : :
for F < 1 and n = 0; 1; : : : for F > 1), and for large k, T (k) approaches the value
T (k) 
  ik

!1=ikF 2
: (20)
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The innite product denition of the  -function (Abramowitz and Stegun [17]),
allows the function f2(k) to be factored into f2(k) = S(k)S( k), where S(k) =
 (1 ik=). S(k) and S( k) are analytic and non-zero in the upper and lower halves
of k  plane, respectively. The Wiener-Hopf equation (15) is factored separately for
the subcritical and supercritical cases.
3.1 Subcritical Froude number F < 1
For the subcritical Froude number F < 1, the expansions for f1(k) and f2(k) are
used to split the Wiener-Hopf equation (15) into the form
n^ (k)
H( k)S( k) = (1  F
2)
 
1  k
2
2R
!
H(k)S(k)m^+(k) = E ; (21)
where, by Liouville's theorem, E is an undetermined constant. In factoring (21), the
two real roots of f1(k) located at k = R have been grouped with the functions
that are analytic in the upper half-plane. This ensures a downstream wavetrain and
that the velocity components along the free surface remain bounded as x! 0.
The solution of (21) for m^+(k) is used to eliminate A(k) from (12) and produces the
result
^1(k; y) =
E cosh ky
k sinh k(1  F 2)(1  k2=2R)H(k)S(k)
for the transform function ^1. The inverse transform is interpreted so that all the
poles of ^1 along the real k-axis lie a small distance  below the inversion contour.
Dierentiation with respect to x of the resulting integral representation for 1, and
the use of the reection formula  (z) (1  z) = = sin(z), leads to the expression
@1
@x
(x; 1) =  
p
EW (x)
RF
p
1  F 2 ; (22)
where
W (x) =   1
2i
Z 1+i
 1+i
i(1
2
+ ik

) ( ik

) e ikx dk
 (1
2
+ ik

)(1  k2=2R)T (k)
: (23)
This integral is evaluated for x > 0 by closing the path of integration with a large
semi-circle in the lower half k-plane. It is straight forward to see that the integrand
behaves as O(k 3=2) as k !1, which ensures that the horizontal and vertical veloc-
ity components remain bounded near the attachment point. Careful examination of
(23) also reveals that the integrand has a pole at the origin, two poles at k = R,
9
and innitely many poles at the roots k =  im of T (k). After some algebra, the
sum of the corresponding residues becomes
W (x) =
RFq
(1  F 2)
  coshR
T (R)T ( R) <

T (R)  

1  iR


 

3
2
+
iR


eiRx

+
1X
m=1
m
2
RF
2T (im)
(1
2
+ m)(1  F 2 + 22mF 4)
 (m)
 (1
2
+ m)
e mx ; (24)
where the quantity
T (R)T ( R) =
1Y
n=1
24 2n + 2R2
(n+ 1
2
)2 +
2R
2
35 = (2 + 42R)(F 2 + 2RF 4   1)
82RF
2
;
and < denotes the real part of a complex quantity. In computing each residue at
k =  in, the dierentiation of f1(k) and the use of (18) and (19) provide a
means for calculating T 0(k). The value of T (R)T ( R) can be found by analysing
equations (16)-(18).
It follows from the attachment condition (10) that the constant E is given by the
formula
E =  R(1  F
2)3=2p
F W (0)
; (25)
which can be computed numerically. The series sum W (0) converges relatively
quickly, since for large m, the argument is O(m 5=2). (Stirling's formula is useful in
the numerical calculation of the  -functions with large arguments.)
From the substitution of the expressions (22) and (24) into (11) and the limit x!1,
it is seen that shape of the free surface behaves like
1(x)   F 2 + EF
2
1  F 2 + A sin(Rx+ ) ;
where A is the amplitude of the waves downstream, and  is a phase shift that
depends upon F . It is expected that the solution for large x is simply a sinusoidal
wavetrain centred on the x-axis, in which case the constant E = 1   F 2. This
alternate expression for E serves as a numerical check for how many terms must be
taken in the innite products and sums in (24).
With the value of E determined, the solution for the location of the free surface is
given by
1(x) =
F
q
(1  F 2)
R

10
"
  coshR
T (R)T ( R) <

T (R)  

1  iR


 

3
2
+
iR


eiRx

+
1X
m=1
m
2
RF
2T (im)
(1
2
+ m)(1  F 2 + 22mF 4)
 (m)
 (1
2
+ m)
e mx
#
; (26)
for x > 0. The free surface shape consists of two parts: a constant amplitude
sine wave, and an innite sum that decays exponentially as x ! 1. Typical free
surface proles are shown in Fig. 2(a). The values of the Froude number used for
these proles are F = 0:5 (dot-dashed line) and F = 0:7 (solid line). The decaying
term in (26) aects primarily the height of the rst wave crest, so that after one
wavelength the proles are essentially sinusoidal. Fig. 2(b) contains plots of these
two free surface proles near the detachment point, where it can be clearly seen that
the proles detach smoothly from the edge of the plate.
Also included in Fig. 2(b) are two dash line approximations given by the asymptotic
expansion
1(x) =  1 + R
p
1  F 2
F
(
4x3=2
3
p

+
8x5=2
153=2F 2

46
15
  log 4x

+
8
p
x5=2
15
 
3
8
 
1X
n=1

n   n  1
2
+
1
2F 2n
!
+O(x7=2)
)
; (27)
which has been computed for both cases (F = 0:5 and F = 0:7). This expression is
obtained by replacing the Fourier transform variable k with the Laplace transform
variable is in @^1=@y(k; 1), expanding for large s, and then inverting term-by-term
to obtain an expression for 01(x), which is subsequently integrated subject to 1(0) =
 1.
It can be shown, after some algebra, that the amplitude of the sine wave downstream
is given by
A =
1
R
vuut 2
4
+ 2R
!
(1  F 2)
T (R)T ( R) = F
vuut 2(1  F 2)
F 2 + 2RF
4   1 :
This relationship between the amplitude and the Froude number is shown in Fig.
3(a). As the Froude number F ! 0, the amplitude A ! p2, which agrees with
the innite depth amplitude considered by Schmidt (1981) and Varley and Walker
(1989). As the Froude number F ! 1, the amplitude of the sine waves A ! 1. In
this limit, the decaying part of (26) vanishes, and the solution for the free surface
behaves like 1(x)    cos(Rx).
The sinusoidal component of the free surface has a wavelength  = 2=R. The
dependence of the wavelength on the Froude number is shown in Fig. 3(b) by the
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Figure 2: Typical free surface proles are shown for F = 0:5 (dot-dashed line) and
F = 0:7 (solid line) on two dierent scales. Also included in (b) is the small x
approximations (dashed lines), given by equation (27).
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solid line. In the limit F ! 1, the wavelength  ! 1. As F ! 0, the wavelength
behaves like   2F 2 (which is shown by the dotted line on Fig. 3(b)). For small
F , the shape of the free surface oscillates very rapidly in the dimensionless distance
x.
In the limiting case of an innitely deep uid, the solution for the free surface prole
(Varley and Walker [6]) becomes
1(~x) =  
p
2 cos

~x+

8

+
1

Z 1
0
exp
(
1

Z r
0
log t dt
t2 + 1
)
e ~xr
(1 + r2)5=4
dr: (28)
The free surface shape for the nite depth problem can be compared with the innite
depth problem results by rescaling the dimensionless coordinates of the present
analysis, which use the channel depth H as a characteristic length scale rather than
the combination c2=g, which is used for the innite depth solution (28). This is
accomplished by dividing the x-coordinate by F 2 in order to obtain the dimensionless
coordinate ~x = xg=c2 = x=F 2, where ~x is the dimensionless coordinate of the innite
depth analysis and x is the physical coordinate. In the limit F ! 0, the shape of
the free surface rapidly approaches the shape given by (28). An example of this is
shown in Fig. 4, where the free surface prole for F = 0:2 (solid line) is compared
to the innite depth prole (dash line).
3.2 Supercritical Froude Number F > 1
The procedure for solving the supercritical problem is essentially the same as that
described above for the subcritical case, and hence will only be described briey
here.
The Wiener-Hopf equation (15) is split into the form
n^ (k)
H( k)S( k) = (1  F
2)H(k)S(k)m^+(k) = E :
The solution of this equation for m^+ is used to eliminate A(k) and obtain the
transform ^1. The inversion of ^1 gives the expression
@1
@x
(x; 1) =   E
2F
q
(F 2   1)
Z 1+i
 1+i
 ( ik

) e ikx
 (1
2
+ ik

)T (k)
dk ;
where the positive constant  is used so that the pole at the origin lies beneath the
inversion contour. The integrand behaves like O(k 1=2) as k ! 1, which implies
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Figure 3: The dependence of the amplitude A and wavelength  on the Froude
number F is shown in (a) and (b) respectively. Also shown in (b) is the small Froude
number behaviour of the wavelength (  2F 2, as F ! 0), which is indicated with
a dashed line.
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Figure 4: A comparison of the free surface prole calculated for F = 0:2 (solid line)
with the solution for the innite depth case given by equation (28) (dashed line).
The F = 0:2 prole has been rescaled here by dividing the x-coordinate by F 2 to
obtain ~x.
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that as x ! 0 along the free suface, the horizontal velocity u1  px, while the
vertical velocity v1  1=px. This singularity in v1 at the edge of the plate is a
violation of the assumptions underlying the perturbation expansion; nevertheless,
it is instructive to proceed with the analysis. In addition to the pole at the origin,
the integrand has innitely many other poles located at k =  im. This behaviour
is typical for supercritical ows, and implies that there are no steady waves down-
stream. Following the analysis for the subcritical case, it can be shown that for
F > 1, the shape of the free surface is given by
1(x) = F
3
q
(F 2   1)
1X
m=1
mT (im)
(F 2   1  2 2mF 4)
 (m)
 (1
2
+ m)
e mx ; (29)
for x > 0. When x is small, the convergence of the sum is slow, since each term in
the sum behaves like
  e
x=2
2F 4
e mx
m3=2
+O
 
logm
m5=2
!
;
for large m. For numerical purposes, the sum in (29) is truncated at m = N and
the tail of the series from m = N + 1 to m =1 is approximated by
1X
m=N+1
  e
x=2
2F 4
e mx
m3=2
 2x
F 4
erfc
q
x(N + 1)

ex=2   2
2F 4
p
N + 1
ex(N+1=2) :
Fig. 5 shows a plot of the linearised free surface shape 1(x) calculated for F = 1:2.
The cusp at the attachment point due to the innite vertical velocity v1 is clearly
visible. The single pole along the real axis of the inversion integral produces a free
surface shape that rises monotonically back to the unperturbed free surface height.
Throughout this analysis, it has been assumed that solutions exist for Froude num-
bers that are independent of the expansion parameter . However, Vanden-Broeck
and Keller (1987) used a line integral of the momentum tensor along with continuity
of mass to show that, for this problem, smoothly detaching supercritical free surface
ows exist only for unique Froude numbers F =
p
1  . This direct relationship
between F and  explains why the supercritcal formulation in this sections does not
yield smoothly detaching ows. However, the perturbation expansion approach in
Sec. 2 can be used to understand the relationship between F and . If the expansions
for (x; y) and (x) are continued, a succession of linearised problems for n(x; y)
and n(x) associated with the O(
n) terms are obtained. The boundary conditions
beyond the O() problem treated here become increasingly complicated and make
the analytical solution process impractical. However, if these terms were obtained,
the full vertical velocity v could then be written out in the form
v(x; y) =  v1(x; y) + 
2v2(x; y) + : : : :
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Figure 5: Typical free surface prole calculated for F > 1. The Froude number here
is F = 1:2.
Since the terms v1 and v2 become singular like 1=
p
x near the attachment point, the
separation of orders breaks down, and it is conjectured that the velocity elds can
be regrouped as
v(x; 1)  K(+ F 2   1) 1p
x
+O(1) ;
where K is some constant. The special choice of  = 1  F 2 cancels the singularity
in the linearised problem and produces a solution with a smooth separation. It
has not, so far, been possible to prove this assertion by solving the O(2) linearised
problem.
4 Concluding Remarks
The problem of the linearised free surface ow which detaches smoothly from the
edge of a semi-innite at plate has been solved with the Weiner-Hopf technique for
the case of a nite depth channel.
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1. For subcritical ows (ie. Froude number F < 1), the linearised free surface con-
sists of a sinusoidal component and a monotonically decaying portion. These
solutions can be used to model the ow near the stern of a two-dimensional
ship. In the limit F ! 0, the results agree with the innite depth case con-
sidered by Schmidt [5] and Varley and Walker [6].
2. For supercritical ows (ie. Froude number F > 1), the linearised representa-
tion breaks down in the vicinity of the detachment point due to an innite
vertical velocity. However, the inclusion of further terms in the perturbation
expansion scheme suggests a way of cancelling this singularity and obtaining
the known result that  = 1  F 2 for a smoothly detaching supercritical ow.
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5 Appendix: Factorisation of f1(k)
The factorisation of f1(k) for F < 1 is described. Using the Weierstrass innite
product theorem, the function f1(k) dened by (16) can be expressed as shown
in (17), where H(k) is given by
H(k) = e ik=
1Y
n=1
"
1  ik
n
#
eik=n ; (30)
and  is Euler's constant. Following Buchwald [15] and Buchwald and Viera [16],
the auxiliary function
H0(k) = e
 ik=
1Y
n=1
"
1  ik
(n+ 1
2
)
#
eik=n =
p

2 (3
2
  ik

)
is introduced. Rearrangement of (30) produces the formula
H(k) = C T (k)H0(k) ; (31)
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where the innite product T (k) is given by (19), and the constant C is given by
C =
1Y
n=1
"
n+ 1
2
n
#
:
The constant C can also be obtained in a more useful way by considering the be-
haviour of f1(k) and the factorisation of (17) for large k. With the use of the
reection formula for  -functions, the product H0(k)H0( k) can be simplied to
H0(k)H0( k) = cosh k
1 + 4k2=2
: (32)
It follows from (31), (32) and (20) that for large k, the function f1 behaves like
f1(k)   C
22(1  F 2) ek
82R
: (33)
However, from the denition (16), the function f1 also behaves like
f1(k)   F
2 ek
2
; (34)
as k !1. Hence, after equating (33) and (34), the rst result in (18) follows.
The results in (17)-(19) for F > 1 can be found in a similar way to that described
above.
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Figure Captions
Fig. 1. A schematic sketch of the free surface ow past a semi-innite plate in a
nite depth uid. In (a), the plate is located at the level of the undisturbed free
surface, and the solution is trivial. In (b), the plate is pushed into the uid. After
a period of time, a steady-state solution is reached, which for F < 1, results in a
train of waves downstream.
Fig. 2. Typical free surface proles are shown for F = 0:5 (dot-dashed line) and
F = 0:7 (solid line) on two dierent scales. Also included in (b) is the small x
approximations (dashed lines), given by equation (27).
Fig. 3. The dependence of the amplitude A and wavelength  on the Froude number
F is shown in (a) and (b) respectively. Also shown in (b) is the small Froude number
behaviour of the wavelength (  2F 2, as F ! 0), which is indicated with a dashed
line.
Fig. 4. A comparison of the free surface prole calculated for F = 0:2 (solid line)
with the solution for the innite depth case given by equation (28) (dashed line).
The F = 0:2 prole has been rescaled here by dividing the x-coordinate by F 2 to
obtain ~x.
Fig. 5. Typical free surface prole calculated for F > 1. The Froude number here
is F = 1:2.
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